We excite the vacuum of a relativistic theory of bosons coupled to a U (1) gauge field in 1 + 1 dimensions (bosonic Schwinger model) out of equilibrium by creating a spatially separated particleantiparticle pair connected by a string of electric field. During the evolution, we observe a strong confinement of the bosons witnessed by the bending of their light cone, reminiscent of what has been observed for the Ising model [Nat. Phys. 13, 246 (2017)]. As a consequence, for the time scales we are able to simulate, the system evades thermalization and generates exotic asymptotic states. These states are made of two disjoint regions, an external deconfined region that seems to thermalize, and an inner core that reveals an area-law saturation of the entanglement entropy.
Introduction.-Solving the out-of-equilibrium dynamics (OED) of large many-body quantum systems becomes exponentially hard when the number of constituents increases beyond few tens. This fact hinders our understanding of important questions such as the existence of new phases of matter [1] [2] [3] and the presence or absence of thermalization [4] [5] [6] [7] .
Symmetries play a crucial role out of equilibrium as they give rise to conservation laws and continuity equations that can strongly constrain the dynamics [8] [9] [10] . Local symmetries can also have strong consequences in the OED since they are responsible for interesting phenomena, such as slow dynamics and localization [11] [12] [13] [14] [15] [16] .
The simplest system with local symmetries is the fermionic Schwinger model (FSM) [17] , the quantum electrodynamics in 1+1 dimensions (1D). The FSM, by now, has been studied extensively with traditional methods [11, [18] [19] [20] [21] [22] [23] and with tensor-network techniques [24] [25] [26] [27] [28] [29] [30] [31] [32] . In 1D, the gauge field does not describe dynamical photons but rather gives rise to long-range interactions among the matter fields. However, the FSM share common features with quantum chromodynamics (QCD) (confinement, a non-trivial vacuum exhibiting chiral symmetry breaking etc.).
Here we consider the OED of the bosonic version of the Schwinger model [17] [18] [19] (BSM), i.e., the 1D scalar quantum electrodynamics, consisting of bosonic matter coupled to an U (1) gauge field. Surprisingly, the BSM is much less studied than the FSM even though it has recently been shown that considering the bosonic version of well studied fermionic models can unveil unexpected new phenomena [33] [34] [35] . Moreover, the quantum simulation of bosons coupled to gauge fields is also easier to realize in experiments with ultra-cold atoms [36] [37] [38] [39] , something very relevant at a stage when the quantum simulation of dynamical gauge fields is a reality [40] [41] [42] [43] [44] [45] [46] . Initially they start spreading as if they were free, however their trajectories bend due to the energetic cost of creating larger electric-flux tubes. New dynamical charges are also created during the evolution and partially screen the electric field. Still the electric field oscillates coherently and can form an anti-string, creating a central core of strongly correlated bosons. The density of bosons in the core can get depleted through the radiation of lighter mesons that freely propagate.
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The Hamiltonian version of the BSM is made by two bosonic species that behave, in the non-interacting regime, as a discretized version of Lorentz-invariant free bosonic theory, the Klein-Gordon (KG) field theory [47] [48] [49] [50] . One species represents the particle of the KG theory and the other the anti-particle, where both are coupled to a U (1) gauge field. The low energy spectrum of this system is always gapped, as in the FSM and QCD, even for massless bosons [50] . By using state-of-the-art matrixproduct states (MPS) techniques [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] in their gaugeinvariant version [24, 25, [64] [65] [66] [67] [68] [69] , we analyze the OED in both the massless and the massive regimes of the theory.
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At any value of the bare mass, bosons are tightly confined, much more than fermions. This is observed, for example, by creating a particle-antiparticle pair separated by a given distance and letting them evolve. Fig. 1 contains a cartoon sketch of the dynamics, where two bosons are connected by an electric-flux tube that bends trajectories of the bosons inwards. Such dynamics is different from the one observed in the fermionic case [30, 68] , and bears a strong similarity to observations for Ising model [70] . Similar results have been obtained in the context of holographic quenches [71] [72] [73] [74] [75] , spins systems [11] [12] [13] , large N gauge theories [16] and quantum link models [14] . Here we observe it for the first time in a bosonic lattice gauge theory and we attribute it to the partial screening of the electric field by the dynamically generated particles.
The initial bosons form a core of strongly correlated matter that oscillates several times around its original position. In the small mass regime, the matter density in the core is gradually depleted by the radiation of free lighter mesons. Even after the bosons have left the region, the core stays quantitaively different from the rest of the system (as shown, for e.g., by the entanglement entropy). We believe this phenomenon is a form of slow dynamics that prevents thermalization, such as the one observed in [76, 77] . We characterize this feature in terms of entropy production [4, 78] .
Model.-The BSM Lagrangian density is given by [79] , where φ is the complex scalar field, D µ = (∂ µ + iqA µ ) is the covariant derivative with q and A µ being the electronic-charge and vector potential respectively, m is the bare mass of the particles, and F µν is the electromagnetic field tensor. In 1D, after fixing the temporal gauge, A t = 0, we get the discretized Hamiltonian (in dimensionless units) as [50, 80] 
where {â † j ,â j }, {b † j ,b j } are the bosonic creationannihilation operators corresponding to charged particles and antiparticles respectively,L j is the electric field operator residing on the bond between sites j and j + 1 with {Û j ,Û † j } being U (1) ladder operators satisfying [L j ,Û l ] = −Û j δ jl and [L j ,Û † l ] =Û † j δ jl , and x = 1/(a 2 q 2 ) with a being the lattice-spacing.
The Hamiltonian is invariant under local U (1) transformations:â j → e iαjâ j ,b j → e −iαjb j ,Û j → e −iαjÛ j e iαj+1 , where the corresponding Gauss law generators are given byĜ j =L j −L j−1 −Q j , witĥ Q j =â † jâ j −b † jb j being the dynamical charge [50, 80] . The physical subspace is spanned by the set of states, |Ψ , that are annihilated byĜ j , i.e.,Ĝ j |Ψ = 0 ∀j. Using this conservation law, in an open chain, one can integrate-out the gauge fields using the transformation, L j = l jQ l , where we consider the static electric field on the left of the chain to be zero. The effective Hamiltonian for matter fields, once we have integrated out the photons, contains long-range intra-species repulsion and inter-species attraction.
The continuum limit of the system is achieved by taking the two limits: N → ∞ and x → ∞. However, since our study is motivated by the near future experimental realizations with cold-atoms we consider an open chain made of a finite number of lattice sites N = 60 with N − 1 = 59 bonds, at the experimentally relevant x = 2. We obtain systematic matrix-product state approximations to the the ground-state of the system using the density matrix renormalization group (DMRG) [51, [81] [82] [83] . This is the starting point for for the time-evolution, that we approximate by using the time-dependent variational principle (TDVP) [58, 59, 63, 84, 85] (see [80] for more details).
Real-time evolution.-We start the OED of the BSM by creating two extra dynamical charges of opposite signs on the top of the ground state |Ω of the Hamiltonian in Eq. (1). They are located at positions N/2 − R and N/2 + R + 1 respectively, and are connected by a string of electric field of length 2R + 1. They are created by means of the non-local operatorM R , defined aŝ
As a result, the initial state is |ψ(t = 0) = NM R |Ω , where N is a normalization constant. The state has extra energy ≈ (2R + 1) + 4 x((m/q) 2 + 2x) 1/2 above the ground state energy. When R is a finite fraction of the system size, the initial state has an extensive extra energy, thus in principle fulfilling the condition for thermalization. The extra energy is contained in the electric-flux tube joining the two charges, extensive in R. As a result, the evolution of |ψ(t = 0) under (1) is mostly driven by high-energy excited states. Confinement and string-breaking.-We would expect the charges, initially created at distance 2R + 1, to separate by stretching the electric-flux string up to a critical distance that only depends on the boson mass. There ultimately the string would break as a result of boson pairproduction from the vacuum. After that, lighter mesons would propagate freely (similarly to the FSM case [30] ). However, in the BSM we do not observe such a scenario. We only see a partial screening of the initial electric-field string, leading to a partial string-breaking, even for massless bosons. Our observations can be explained using a semi-classical cartoon presented in Fig. 1 
displaying four main features of the OED:
Partial screening of electric field: Initially, as the two test charges start spreading, they partially screen the electric-field string, so that their light-cone structure gets drastically modified. The charges indeed slow-down their spreading and start to refocus.
String-inversion in the bulk: As observed recently in the dynamics of U (1) quantum link models [14] , the string does not break, not even for massless bosons, but rather undergoes at least a pair of coherent oscillations. For lighter masses, we observe a string-inversion phenomenon that renders the dynamics slow. Also for lighter masses, the coherent dynamics of the string is slowly damped by the radiation of lighter mesons.
Mesons radiation, the two domains: While in the bulk the string contracts and expands periodically, at the boundaries the electric flux is partially screened and the string can break into pieces forming lighter mesons. They are free to escape the confined region and fly away with a constant velocity. This effectively creates two separate domains, a core region where the bosons are confined (a confined domain), and an outer region where they escape in the form of light mesons (a deconfined domain). The radiation of light mesons slowly depletes the electric field and the cloud of bosons in the confined region.
Confinement resulting in slow dynamics: We observe that the effects of confinement are much stronger compared to what was observed for FSM. The electric-flux string creates a long-lived metastable state in the middle of the system that oscillates and contract inwards [12, 71, 74, 75] , reducing the velocity of charges and bending the initial light cone [70] . The two charges are thus confined again into an extended meson, that wobbles at a well defined frequency (Fig. 1) .
The cartoon in Fig. 1 tries to summarize the numerical results presented in Fig. 2 . There we plot both the electric field (L j ) on the left and the dynamical charges (Q j ) on the right for two paradigmatic values m/q = 0 and 1.2 that together display all the phenomena we have listed previously. The dynamics is generated by acting the operatorM R=5 (Eq. (2)) on the vacuum of (1). In the massless scenario (top row of Fig. 2) , we appreciate the partial screening of the electric field, visible in the bending of the bosons' light cone; the appearance of an anti-string in the bulk of the system due to the stringinversion at t 2.5; the meson radiation from the edges of the confined bulk starting around t 4. We also see that the confined core of bosons is gradually depleted and disappears for times around t 10.
As we increase the mass, we slowly move towards the heavy-bosons scenario of m/q = 1.2 (bottom row of Fig.  2) , where the radiation of free mesons is strongly suppressed and the confined core is basically surrounded by the vacuum. We indeed observe an almost perfect periodic oscillation of the electric string. Intermediate regimes (not shown, see [80] ) display interesting features. For example for m/q = 0.25, the anti-string, visible in m/q = 0 case, disappears and there is no string-breaking for m/q 0.5.
While for m/q = 0 the concentration of dynamical charges in the confined domain gradually disappears for t 10, it persists in the asymptotic states for larger values of the mass. However, the confined core still lingers on for a long time, even in the massless case, which can be perceived through the fluctuation ofL j orQ j , or through the spreading of the entanglement entropy. Entanglement dynamics.-The best way to characterize the slow dynamics is by considering the growth and spreading of entanglement. The entanglement entropy, S j , measured across the bond between the sites j and j + 1 is defined as S j (t) = −Tr [ρ j (t) ln ρ j (t)], with ρ j (t) = Tr j+1,j+2,..,N |ψ(t) ψ(t)| being the reduced density matrix to the left of the j th bond. We study S j (t) for all j, and compare it with what is observed in a non-interacting KG system, obtained by dropping jL 2 j term from the Hamiltonian. Fig. 3 contains S j (t) for the interacting BSM (left column), and the the non-interacting KG model (right column) for all bonds j. For the KG model the entanglement spreads linearly with a light-cone structure as predicted by the pseudo-particle picture. For a given j N/2, it initially increases ballistically with time and saturates to a value proportional to the volume of the region as predicted by [86] and recently discussed in the context of generalized thermalization [4, 78] . The particles bouncing off the boundaries induce the observed recurrences.
In the BSM, the spread of entanglement is strongly modified by the effects of confinement (left column). Initially its spreading slows-down, and only starts to spread ballistically in correspondence to the radiation of free mesons for lighter masses. Furthermore, most of the entanglement is contained in the region that is initially occupied by the confined bosonic matter, and persists there even long after the concentration of bosons in the bulk has disappeared at around t 10. On the other hand, the concentration of entanglement never leaks into the deconfined domain for heavier bosons, e.g., m/q = 1.2. Such unusual dynamics of entanglement clearly indicate a strong reluctance towards thermalization (c.f. [11] ) as the presence of memory effect in the dynamics is evident.
Classical and distillable entanglement.-As part of the gauge symmetry, the system possesses a global U (1) symmetry corresponding to the conservation of total dynamical charge, jQ j . As a result any reduced density matrix is block-diagonal in different charge sectors: ρ = QρQ = Q p Q ρ Q , where p Q = Tr ρ Q and ρ Q =ρ Q /p Q . Therefore, following [87] [88] [89] [90] [91] [92] [93] [94] the entanglement entropy can be divided into two parts as S(ρ) = − Q p Q ln p Q + Q p Q S(ρ Q ), where the first term is the classical part (S C ) -the Shannon entropy between different quantum blocks indicated by Q ∈ [.., −1, 0, 1, ...], and the second term is the distillable entanglement (S Q ) that can be extracted from the system using local operations and classical communication (LOCC). Fig. 4 shows the time-evolution of both the parts of entanglement entropy, where we observe that the classical part demarcates confined and deconfined domains by remaining sharply concentrated only in the confined domain. Since the relevant energy-scales in the dynamics are much larger than the corresponding mass-gaps [50] , contributions of different quantum-blocks, other than Q = 0, are not negligible in the confined domain. On the other hand, free lighter mesons are essentially one particle excitations. Therefore, the only relevant quantumblocks present in the deconfined domain are Q = 0, ±1 with p Q=0 p Q=±1 , as these free mesons are made of a very small amount of opposite dynamical charges. That is why S C possesses visibly small values outside the confined core. The distillable entanglement entropy, however, shows the same behavior as the total entropy. This seems to suggest that the slow dynamics is not caused by the super-selection sectors induced by the global subgroup of the local symmetry. It is also important to mention here that on average S Q > S C for smaller masses, where we have both confined and deconfined domains, while for the heavier bosons, e.g., m/q = 1.2, the distillable entanglement is less than the classical part.
Lack of thermalization.-From the above discussions it is clear that confinement strongly hinders the thermalization process in the system and the 'equilibrated' states are far from thermal. In the thermal situation, the entropy of a region grows proportional to its size (volumelaw), while in the non-ergodic scenario the entropy increases slower than that.
To analyze the scaling of the entropy with the system size in the asymptotic states, we consider N = 60, 80, and 100 and R = N/10, so that the length of the initial string grows proportional to the system size. In this way we are sure that the initial state has an extensive amount of energy on the top of the ground state, prerequisite for thermalization. We expect that the deconfined domain slowly becomes thermal, due to the radiation of light mesons, while the confined domain remains "nonthermal" showing coherent oscillations. In the confined domain, identified by the position of the initial string, i.e., the bonds N/2 − R to N/2 + R, the entropy shows a perfect area-law. Its saturated value does not depend on the size of the region. For long times, the same behavior is seen in the average entropy over the confined domain region, S Av = 1 2R+1 N/2+R j=N/2−R S j (see [80] ). This behavior is a clear indication of the lack of thermalization.
Outside the confined region, the entropy increases with the size of the bipartition. From scaling plots, we find that the entropy varies as
where the exponents α ≈ 1 and β depend on m/q (see Fig. 5 ). For fixed N , the entropy increases sub-linearly for small bipartitions, then turns into a linear increase for intermediate distances, and ultimately shows faster than volume-law growth before saturating into the confined domain. From this scaling form, it seems reasonable to expect that the deconfined region would actually thermalize at intermediate distances, far away from both the core and the boundaries of the system. This complicated scaling form seems to match the behavior expected in a thermalized region with the presence of a physical boundary and of a confined core.
Conclusion.-We have shown that the out-ofequilibrium dynamics generated by creating a pair of bosons on the top of the interacting vacuum of a gauge theory is strongly affected by confinement. The asymptotic states generated are highly inhomogeneous. They are made by a confined core that displays long-lived oscillations and entropically fulfills the area-law, surrounded either by the vacuum (for heavy bosons) or by an almost thermal cloud of light mesons (for lighter bosons). In both cases, the long-time asymptotic states have a strong memory of the initial state and thus evade thermalization in its simplest form. The phenomena observed are reminiscent of the observations of the presence of highly non-thermal states in the quantum Ising model [13] . In a forthcoming paper [50] we will relate our findings to the intricate phase diagram of the BSM at equilibrium.
Interestingly, the initial confined core persists up to very long time, as witnessed by the entanglement entropy. We still need to understand if it ultimately disap-
We refer the bosons 'a' and 'b' as particles and antiparticles respectively.
Local gauge invariance and Gauss law generators
It can be straightforwardly verified that the Hamiltonian in Eq. (7) is invariant under local U (1) gauge transformations:
Corresponding Gauss law generators can be obtained from the Euler-Lagrange equation of the field A t , i.e.,
which, after quantization with normal ordering and discretization similar to the Hamiltonian, gives us the Gauss law generators aŝ
where the dynamical charge,Q j =â † jâ j −b † jb j , is basically the difference between the particle-antiparticle number. In the absence of any background static charges, the physical sector is spanned by the states satisfyingĜ j = 0 for all values of j. Using this constraint imposed by the Gauss law, we can integrate-out the gauge-fields for a chain with open-boundary condition using the following transformation, 
where the background static field at the left of the chain has been considered to be zero. Fig. 1 shows the dynamics of both the gauge sector (L j ) and the charge sector (Q j ) for boson masses m/q = 0.25, 0.5, and 1 for R = 5. Clearly, as the mass increases the confining behavior of the dynamics becomes stronger, as the coherent oscillation of the confined core lasts longer. For example, there is no string-inversion for m/q = 0.25 before t = 8, and the string does not break in the bulk for m/q = 0.5. On the other hand, we already reach the heavy boson limit with m/q = 1.
Dynamics for intermediate boson masses
The classical (S C ) and the distillable (S Q ) parts of entanglement entropy shows similar features for these intermediate masses (Fig. 2) . The distinction between the deconfined domain and the confined core, as perceived from the classical part, is becomes much more pronounced for m/q = 0.25 and 0.5 than the massless scenario depicted in the main text.
Area-law of entanglement entropy in the confined domain
We follow the entanglement dynamics for system sizes N = 60, 80, and 100 with R = N/10 so that the initial string length increases with system size. The average entropy in the confined domain, i.e., follows area-law of entanglement throughout the dynamics as it remains (almost) invariant with system size as shown in Fig. 3 . 
Details about tensor network simulation
We use matrix product states (MPS) [2, 3] ansatz with open boundary condition to simulate states of the system, where we integrate-out the gauge fields using the Gauss law. Due to this tracing-out of the gauge fields, we do not need to use gauge-invariant tensor network [4] [5] [6] [7] for our calculations. However, we use global U (1) symmetry [8, 9] corresponding to the conservation of total dy- namical charge, jQ j , and obviously we work only in the j Q j = 0 sector. The maximum number bosons (n 0 ) per site for each species has been truncated to 5, resulting in a physical dimension of 36 on each site. This truncation is justified as the densities of the bosons never cross ∼ 1.5 throughout our simulation. We confirm this by checking the convergence of several observables with respect to n 0 in the ground-state of the model in Fig.  4 , where we show that for m/q = 0 the errors due to this truncation is below 10 −5 for n 0 = 5. One important thing to mention here that it is also possible to separateout two types of bosons to odd and even lattice-sites respectively maintaining global U (1) symmetry, such that physical dimension on each site only grows linearly with n 0 . This will definitely increase efficiency of the simulation for a given MPS bond dimension. However, as two types of bosons sitting on a same site are strongly correlated, such method of separating them out using truncated bonds will incur much more errors, especially in the time-evolution, and needs much larger bond dimension to get converged results.
To find the ground state of the system, first we use two-site density matrix renormalization group (DMRG) [10] [11] [12] upto a maximum bond dimension D max ≤ 100, so that largest SVD truncation error with D max remains below 10 −12 . After that we switch to one-site variational optimization ("one-site DMRG") [2, 13] for more stringent convergence within the MPS manifold given by D max .
Time-evolution using MPS ansatz (tensor network in general) is always tricky, error-prone, and therefore must be dealt with caution, as entanglement entropy grows ballistically in the dynamics, which, in turn, demands larger and larger MPS bond dimension. Recently, to tackle such issues, the time-dependent variational principle (TDVP) algorithm [14] [15] [16] has been developed, which has been argued to be much less error-prone than earlier methods, e.g., time evolving block decimation (TEBD), within a given bond dimension [17] . Here we employ "hybrid" TDVP with step-size δt = 0.01, where we first use two-site version of TDVP to dynamically grow the bond dimension upto D max = 512. When the bond dimension in the bulk of the MPS is saturated to D max = 512, we switch to the one-site version to avoid any error due to SVD truncation. This hybrid method of time-evolution using TDVP has been argued to incur much less error than other known methods [17, 18] . It is noteworthy to mention here that since we use properly converged Lanczos exponentiation [19] in TDVP simulations, different step-sizes do not alter the results. To be assured of the trustworthiness of our simulations, we also perform TDVP simulations for D max = 160, 256, 320, and 416 and check the convergence of different observables with respect to different D max (see Fig. 5 for the case of N = 60 and R = 5). Clearly, upto t ≈ 4, all the graphs, including D max = 160 simulations, are converged, even when tallied in the light of entanglement entropy S, which is believed to behave much worse in truncated bond dimensions. On the other hand, D max = 416 data remain satisfactorily close to D max = 512 curves throughout the time window, showing the reliability of our simulation with the bond dimension D max = 512. For heavier masses, e.g., m/q = 1.2 (not shown in the figure) , all the quantities are converged for every bond dimension considered here.
